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FINITE BLASCHKE PRODUCTS AND THE CONSTRUCTION 
OF RATIONAL F-INNER FUNCTIONS 


JIM AGLER, ZINAIDA A. LYKOVA AND N. J. YOUNG 
Abstract. Let 

r {{z + w, zw) : \z\ < I, |w| < 1} C C^. 

A r -inner function is a holomorphic map h from the unit disc D to L whose 
boundary values at almost all points of the unit circle T belong to the distin¬ 
guished boundary tiL of L. A rational L-inner function h induces a continuous 
map h|T from T to feL. The latter set is topologically a Mbbius band and so has 
fundamental group Z. The degree of h is defined to be the topological degree 
of h\j. In a previous paper the authors showed that if ft, = (s,p) is a rational 
T-inner function of degree n then — Ap has exactly n zeros in the closed unit 
disc D“, counted with an appropriate notion of multiplicity. In this paper, with 
the aid of a solution of an interpolation problem for finite Blaschke products, we 
explicitly construct the rational T-inner functions of degree n with the n zeros 
of — Ap prescribed. 


1. Introduction 

The symmetrized bidisc is the set 

r "= {{z + zw) : |z| < 1, |w| < 1} C C^. 

r has attracted considerable interest in recent years because of its rich function 
theory [16, 1, 32], complex geometry [21, 24, 28, 34, 35, 38], some associated 
operator theory [6, 5, 14, 15, 36, 37, 41] and its connection with the difficult 
problem of //-synthesis [13, 2, 43]. The distinguished boundary of F, that is, the 
Silov boundary of the algebra of continuous functions on F that are holomorphic 
in the interior of F, will be denoted by 6F. Concretely, bT is the symmetrization 
of the 2-torus [7, Theorem 2.4]: 

bT = {{z + w, zw) ■. \z\ = \w\ = 1}. 

A F -inner function is a holomorphic map h from the unit disc D to F whose 
boundary values at almost all points of the unit circle T (with respect to Lebesgue 
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measure) belong to bT. The T-inner functions constitute a natural analog of the 
inner functions of A. Beurling [12], which play a central role in the function theory 
of the unit disc. For example, it was known to Nevanlinna and Pick that an n- 
point interpolation problem for functions in the Schur class is solvable if and only 
if it is solvable by a rational inner function of degree at most n. Likewise, every 
n-point interpolation problem for functions in the class Hol(D, P) of holomorphic 
maps from D to P, if solvable, has a rational P-inner solution (for example, [22, 
Theorem 4.2]). Here, the degree of a rational P-inner function h is dehned to be 
the topological degree of the restriction of h mapping T continuously to &P. Since 
6P is homeomorphic to a Mobius band, its fundamental group is Z, and so the 
degree of h is an integer; it will be denoted by deg(h). 

We shall address the analog for rational P-inner functions of a problem about 
rational inner functions solved by W. Blaschke [17]. The Argument Principle tells 
us that a rational inner function ip of degree n has exactly n zeros in D, counted 
with multiplicity, from which fact one deduces that is a hnite Blaschke product 


= cJJ 

1=1 


A — aj 
1 — CijX 


where |c| = 1 and ai,... ,an are the zeros of p. In similar fashion, we should like 
to write down, as explicitly as possible, the general rational P-inner function of 
degree n. It was shown in [3] that ii h = {s,p) is a rational P-inner function of 
degree n then — 4p has exactly n zeros in the closed unit disc D”, counted with 
an appropriate notion of multiplicity. The n zeros of — Ap can be regarded as 
analogs of the aj for present purposes. 

The variety 

n = {{2z,z^) : zeC} 

= {(s,p) e = Ap} (1.1) 


plays a special role in the function theory of P: it is called the royal variety. For 
a rational F-inner function h = (s,p), the zeros of — Ap in ©“ are the points A 
such that h{\) G TZ] we shall call them the royal nodes of h. If a G ©“ is a royal 
node of h then h{a) = for some p G D“; we call p the royal value of h 

corresponding to the royal node a. 

Let us formalise the problem of describing the general rational F-inner function 
in terms of its royal nodes and values. 


Problem 1.1. Given distinct points di,..., cr„ in 3 and values pi,... ,pn in 3 
find if possible a rational T-inner function h of degree n such that 

forj = l,..., n. 

The results of this paper show that there is a close connection between Problem 
1.1 and an n-point interpolation problem for hnite Blaschke products of degree n 
in which there are interpolation nodes in both D and T and in which tangential 
information is specihed at interpolation nodes in T. To formulate this problem we 
introduce some terminology. 
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Definition 1.2. Let n > 1 and 0 < k < n. By Blaschke interpolation data we 
mean a triple (a, p, p) where 

(1) a = ((Ti,(T 2 , ..., (Jn) is an n-tuple of distinct points such that aj G T for 
j = 1,k and aj G © for j = /c + 1,..., n; 

(2) 7] = (?7i,7^2,..., rjn) where rjj G T for j = 1,... ,k and rjj G © for j = 

A; + 1,... ,n; 

(3) p = (pi, p 2 , • • •, Pk) where pj > 0 for j = 1,..., k. 

For such data the Blaschke interpolation problem with data (a, p, p) is the fol¬ 
lowing: 

Problem 1.3. Find if possible a rational inner function p on ID) (that is, a finite 
Blaschke product) of degree n with the properties 

= Vj for J = (1.2) 

and 

Ap{aj) = pj /or J = 1,..., k, (1.3) 

where denotes the rate of change of the argument of with respect to 

6 . 


Problem 1.3 has been much studied, for example [39, 40, 11, 29, 26, 42, 27]. 
Without the tangential conditions (1.3), or some other constraint (for example, 
a degree constraint), the problem would arguably be ill-posed: solvability would 
depend only on the interpolation conditions at nodes in D, and the conditions at 
(Ti,... ,crfc would be irrelevant. With the conditions (1.3), however, the problem 
has an elegant solution. There is a simple criterion for the existence of a solution 
of Problem 1.3 in terms of an associated “Pick matrix”, and better still, there is 
an explicit parametrization of all solutions <p by a linear fractional expression in 
terms of a parameter C G T. There are polynomials a, b, c and d of degree at most 
n such that the general solution of Problem 1.3 is 


a() -\- b 
ct) d 


(1.4) 


where the parameter ( ranges over a cohnite subset of T (see Theorem 3.3 below). 
The polynomials a, b, c and d are unique subject to a certain normalization. 

Analogously, Problem 1.1 needs to be modihed by the addition of tangential 
conditions at interpolation nodes in T in order to be well posed. We are led to the 
following rehnement of Problem 1.1. 


Problem 1.4. Given Blaschke interpolation data {a,ri,p) with n interpolation 
nodes of which k lie in T, find if possible a rational T-inner function h = (s,p) of 
degree n such that 

K(^j) = (-2hi, v]) for j = l,...,n 


and 


Ap{aj) = 2pj forj = l,...,k. 
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We shall call this the royal T-interpolation problem with data {a,r],p). 

The connection between Problems 1.4 and 1.3 can be described with the aid of 
a certain 1-parameter family of rational fnnctions on P, where a; G T. These 
functions play a central role in the fnnction theory of P (for example, [6, 7]). They 
are dehned by 




2ujp — s 


( 1 , 6 ) 


2 — oos 

$ 0 ; is holomorphic on P, except for a singnlarity at (2u,u^), and maps P into D“. 
They constitnte a nniversal set of Caratheodory extremal fnnctions for the interior 
of P [7, Corollary 3.4]. 

A conseqnence of Theorems 4.4 and 4.9 is: 


Theorem 1.5. For Blaschke interpolation data {a,ri,p) the following two state¬ 
ments are equivalent 

(1) Problem 1.4 with data {a,r],p) is solvable by a rational T-inner function h 
such that h.(D) ^ TZ; 

(2) Problem 1.3 with data {a,r],p) is solvable and there exist So,Po ^ C such 
that 

kol < 2, IpoI = 1, 

So = SoPo, 

soa — 2b 2poc — sod = 0, 

where a, b, c and d are the polynomials in the normalized parametrization 
(1.4) of the solutions of Problem 1.3. 

The P-inner fnnctions whose range is contained in TZ, those of the form (2/, /^) 
for some inner /, behave differently from others. 

Theorem 4.9 gives a formnla for a solntion h of Problem 1.4 in terms of sq, Po, cl, b, c 
and d. Since the polynomials a, b, c and d are compnted in Theorem 3.9 and Remark 
3.11, we obtain an explicit solntion of Problem 1.4. The algorithm is presented in 
Section 5. 

The connection between the solntion sets of the royal P-interpolation problem 
and the Blaschke interpolation problem can be made explicit with the aid of the 
fnnctions <h^. 


Theorem 1.6. Let {a,r],p) be Blaschke interpolation data. Suppose that h is a 
solution of Problem 1.4 with these data and that h(D) (fi TZ. For all u & T \ 
{—pi, —f] 2 , • • •, —Pk}, the function ° h is a solution of Problem 1.3 with the 
same data. Conversely, for every solution p of the Blaschke interpolation problem 
with data (a, p, p), there exists a; G T such that p = o h. 

This theorem is a corollary to Theorem 4.4. 

In an earlier paper [3] the anthors gave another construction of the general 
rational P-inner function h = (s,p) of degree n, starting from different data, to 
wit, the royal nodes of h and the zeros of s. One step in the construction in [3] is 
to perform a Fejer-Riesz factorization of a non-negative trigonometric polynomial, 
whereas, in contrast, the construction in this paper can be carried out entirely in 
rational arithmetic. 
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2. Background material 

In this section we establish some notation and terminology and present some 
elementary facts abont the set T discnssed in the introdnction. 

The following resnlts afford nsefnl criteria for membership of T and &r [7]. 

Proposition 2.1. Let {s,p) G C^. The point {s,p) lies in T if and only if 

|s| < 2 and |s — sp| < 1 — |pp. 

The point {s,p) lies in bT if and only if 

|s| < 2, IpI = 1, and s — sp = 0. 

The interior of T, the open symmetrized bidisc 

Hpf 

Q = {{z + w, zw) : \z\ < 1, |tc| < 1} (2.1) 

will also arise. 

Proposition 2.1 implies that ii h = {s,p) G Hol(D,C^) then h is T-inner if and 
only if p is inner, |s| is bonnded by 2 on D and s(r) — s(r)p(r) = 0 for almost 
all r G T with respect to Lebesgue measnre (by Baton’s theorem, s and p have 
non-tangential limits a.e. on T). This paper focuses on the case that h is rational 
(that is, s and p are rational), in which case s = sp on the whole of T. 

Let us clarify the notion of the degree of a rational T-inner function h. 

Definition 2.2. The degree deg(h) of a rational T-inner function h is defined to 
be h*(l), where h* : Z = 7ri(T) —)■ 7ri(&r) is the homomorphism of fundamental 
groups induced by h when it is regarded as a continuous map from T to bV. 

According to [3, Proposition 3.3], for any rational P-inner function h = {s,p), 
deg(h) is equal to the degree deg(p) (in the usual sense) of the finite Blaschke 
product p. 

We denote by S the Schur class, which comprises all holomorphic maps from D 
to D“. 

Definition 2.3. For any differentiable function / ; T —)■ C \ {0} the phasar de¬ 
rivative of f at z = E T is the derivative with respect to 6 of the argument of 
/(e’®) at z; we denote it by Af(z). 

Thus, if /(e‘^) = R{6)fAs) jg differentiable, where g{6) G M and R{0) > 0, then 
g is differentiable on [0, 27r) and the phasar derivative oi f a.t z = E T is equal 
to 

A/(e”’) = Targ/(e'»)= 9 '(e), (2.2) 

The above is not standard notation, but we shall hnd it useful in the sequel. We 
summarise some elementary properties of phasar derivatives. 

Proposition 2.4. (1) For differentiable functions i/), : T —)■ C \ {0} and for 

any c G C \ {0}, 

Aipfip) = Af) -f Aip and A^ctf) = Afj. 


(2.3) 
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(2) For any rational inner function tp and for all z G T, 

y{z) 


Acp{z) = Z' 


Lp{z) 


(3) // a G D and 


then 


BJz) = 


z — a 


ABa{z) = 


1 — lal 


1 — az 


> 0 for z eT. 


\z — a\ 

(4) For any rational inner function p, 

Ap{z) > 0 for all z eT. 


(2.4) 


Recall that a point A G D“ is a royal node of a F-inner fnnction h if and only if 
h{X) is in the royal variety TZ = {(2z, z'^) : z E C}. 

In the next proposition we shall use the notation <h(z, s,p) as a synonym for 
$ 2 ( 5 ,]?). Thus, for any function v on D, 


$ o (n, h) 


2vp — s 
2 — vs 


Proposition 2.5. Let h = {s,p) be a rational T-inner function and let a be a royal 
node of h on T. Then 

(i) there exists 17 G T such that p{a) = and s(a) = —2p; 

(ii) a is a zero of — Ap of multiplicity at least 2; 

(iii) for any finite Blaschke product v, 

<h o (n, h){a) = p 

independent of v; 

(iv) for any finite Blaschke product v such that v(a) 7 ^ —p, 

A^ o (v, h){a) = ^Ap{a). 

Proof, (i) By [1, Lemma 7.10], the royal nodes of h = {s,p) on T are precisely the 
points cr G T such that |s((t)| = 2. Thus there exists 17 G T such that s{a) = —2p 
and, since Ap{a) = we have p{a) = 17 ^. 

(ii) By Proposition 2.1, on T we have 

p{Ap — s^) = 4 — {ps)s = 4 — ss = 4 — |s|^ > 0. 

Since |s(cr)| = 2 , the function f{6) = 4 — |s(e*®)p has a local minimum at f where 
(T = e*^. Therefore 

= p{F^)iF\Ap'{F^)-2ss'{F^)). (2.5) 

Hence 

(4p - s^Yia) = 0, 

and so (T is a zero of — 4p of multiplicity at least 2 . 
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(iii) If t;s(cr) 7 ^ 2, then 


^o{v,h){a) = —^(a) 

2 — vs 

2-vs ^ ^ 
s(uis — 1) 
2(1-ins) 

= -\s{(y) = ri. 


(T) 


( 2 . 6 ) 


Thus <h o (n, h){a) = rj independent of u, as long as vs(a) 7 ^ 2, that is, v(a) 7 ^ —fj. 

For any hnite Blaschke product v such that v{a) = —fj, by Proposition 2.4, we 
have 

Ap{a) = (7^^ = afp'ia) 

p{a) 


and 


Av{a) = a^r4- = -cr^^. 


v[a] 


Since v and p are inner functions 


which is equivalent to 


Av{a) 7 ^ -|Ap(a), 


^ kV(c7). 


Note that v{a) = —fj implies that 

2v{a)p{a) — s{a) = 0 = 2 — u((t)s((t), 

and so 

{2vp — s)' 


$ o (n, h){a) = 


<T 


(2 - vs)' 

2v'p + 2vp' — s' 


<T 


2v'p^ _l_ 2(^—fj)p' + fjp' 
—v'{—2p) — {—fj){—fjp') 
2p‘^v' — fjp' 


[(J 


,cr 


2pv' — p‘^p‘ 
2nv' — fj‘^p' 
2pv — p^p 


(2.7) 


Thus $ o (v, h)(cr) = p independent of v. 
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(iv) For any finite Blaschke product v such that v{a) ^ —rj, by Proposition 2.4, 
we have 


o {v, h){a) 


-v's — vs' 


A{2vp — s){a) — A(2 — vs) (a) 

2v'p + 2vp' — s' . 

a -(cr) — a - 

2vp — s 2 — vs 

2v'p^ + 2vp' + pp' 


cr 


cr- 


2vp'^ + 2p 


v'{-2p) +v{-pp') 

[cr) + a -^—r- [cr] 


2 + 2vp 


a 


2 + 2vp 
aTfp'[a)[l + vp) 


(2v'p + 2pvp' + p‘^p' — 2v'p — vpp'^ 


cr 


2(1 + vp) 

1 

2 p{a) 

\Ap{(t). 


( 2 . 8 ) 

□ 


3. The Blaschke interpolation problem and rational P-inner 

FUNCTIONS 

The Blaschke interpolation problem, Problem 1.3, is an algebraic variant of the 
classical Pick interpolation problem. One seeks a Blaschke product of a given 
degree n satisfying n interpolation conditions, rather than merely a Schur-class 
function, and one admits interpolation nodes in both the open unit disc and the 
unit circle. As with the classical Nevanlinna-Pick problem, there is a criterion 
for the solvability of such a problem in terms of the positivity of a ‘Pick matrix’ 
formed from the interpolation data; however, to obtain a concise formulation, 
one has to impose additional interpolation conditions, on phasar derivatives at 
the interpolation nodes on the circle, and the bounds on these phasar derivatives 
appear on the diagonal entries of the Pick matrix. This modihed Pick matrix 
appears in the work of several authors [10, 4, 40, 25], but for simplicity we shall 
continue to speak of the Pick matrix. To be precise, the Pick matrix associated 
with Blaschke interpolation data {a,p,p) as in Dehnition 1.2 is dehned to be the 

ii i = j < k 

otherwise. 

Remark 3.1. Of course, it can happen for n-point Blaschke interpolation data 
(cr, ? 7 , p) that there exists a Blaschke product p of degree strictly less than n sat¬ 
isfying the conditions (1.2) to (1.3), but in the present context we are concerned 
with solutions of degree exactly n. 

In the case that n = k, that is, where all the interpolation nodes lie on the unit 
circle there is an elegant solvability criterion due to D. Sarason [40]. His result 


n X n matrix M = with entries 

Pi 

rriij = 


1 - ViVj 

1 (7^(7j 










THE CONSTRUCTION OF RATIONAL T-INNER FUNCTIONS 


9 


implies that, when n = k, Problem 1.3 is solvable if and only if the corresponding 
Pick matrix M is minimally positive, that is, when M > 0 and there is no pos¬ 
itive diagonal n x n matrix D, other than D = 0, snch that M > D. Actually, 
Sarason considers interpolation by functions in the Schur class, not just Blaschke 
products, and so there is a subtlety concerning the existence of phasar derivatives 
at boundary points (related to the Julia-Caratheodory theorem), but since we are 
only concerned with rational functions, no such difficulty will arise here. 

The following result is well known - see [10, Sections 21.1 and 21.4] or [4, 40, 25]. 

Proposition 3.2. If Problem 1.3 is solvable then the corresponding Pick matrix 
M is positive definite and the solution of the problem is not unique. 

Several authors have developed deep and far-reaching machines to characterise 
solvability of interpolation problems for classes related to Problem 1.3, and to 
parametrize their sets of solutions [10, 11, 19, 30, 20, 25]; there is a brief history in 
[10, Notes for Part V, page 500]. A paper which addresses the combined interior 
and boundary problem specihcally for finite Blaschke products is [26]. However, 
we have not found the precise statement that we need, and so, for the convenience 
of the reader, we give a self-contained treatment. 

Our strategy for the construction of the general solution of Problem 1.3 is to 
adjoin an additional boundary interpolation condition; this augmented problem 
will have a unique solution, and in this way we obtain all solutions of Problem 1.3 
in terms of a unimodular parameter. 

The following is a rehnement of the Sarason Interpolation Theorem [40], in that 
we consider interpolation nodes both on the circle and in the open disc. The result 
is contained in [18, Theorem 2.5]. See also [20, Theorem 5.2] for a solution to the 
analogous interpolation problem for the upper half plane. 

Theorem 3.3. Let M be the Pick matrix associated with Blaschke interpolation 
data (cr, ? 7 , p). 

(1) There exists a function p in the Schur class such that 

= Vj forj = I,..., n, (3.1) 

and the phasar derivative A(p{aj) exists and satisfies 

A^p{aj) < pj for j = 1,... ,k (3.2) 

if and only if M >0; 

(2) if M is positive and of rank r < n then there is a unique function p in 
the Schur class satisfying conditions (3.1) and (3.2), and this function is a 
Blaschke product of degree r; 

(3) the unique function p in statement (2) satisfies 

Ap{aj) = Pj forj = l,...,k (3.3) 

if and only if M is minimally positive. 

Consider a point r G T distinct from ai,...,ak. For each G T we seek 
a solution p to Problem 1.3 that satisfies the additional interpolation condition 
p{t) = C and Ap{t) = p(j^r-i where pc^^r > 0 is chosen to make the Pick matrix 
of the augmented interpolation problem singular. We record the following simple 
lemma without proof. 
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Lemma 3.4. If C is an n x n positive definite matrix, u is an n x 1 column, 
p = {C~^u, u) and the (n + 1) x (n + 1) matrix B is defined by 


B 


C u 
u* p 


then B is positive semi-definite, rank(i?) = n and 


B 



0 . 


The Pick matrix of the augmented problem is the (n + 1) x (n + 1) matrix, 

M 

“dr PC,r. 

where M is the Pick matrix associated with Problem 1.3, is the n x 1 column 
matrix defined by 


Bq^t — 


(3.4) 




1 —oTt 


1 — 


(3.5) 


and 


Thus the augmented problem that we are considering is the Blaschke interpola¬ 
tion problem with data {a, fj, p) where 

d=(a,r), 77 = (77,0, P=(p,Pc,r)- 


Proposition 3.5. Let ip be a Blaschke product of degree N. Leta= (ui, (J 2 ,..., 
be an n-tuple of distinct points in D“, let pj = for j = 1,... ,n and let 

Pj = Afij^aj) for j such that \aj\ = 1. The Pick matrix for the data {a,p,p) has 
rank at most N. 


Proof. In the case that the aj all lie in © the assertion is well known - see [4]. 
It follows easily from the fact that in this case the Pick matrix M is given by 

where kx denotes the Szego kernel and is the analytic Toeplitz operator on the 
Hardy space with symbol ip. 

Consider the case that ai,..., (jfc G T and < 7 ^+ 1 ,..., cr„ G D. Let M be the Pick 
matrix for the data (a, 77 , p). Choose r G (0,1) and let \j = raj for j = 1,..., n. 
By the foregoing observation, the matrix 


M(r) 


def 


1 


- 'ip{rai)'ip{raj) 
1 — r’^aiaj 


n 

*j=i 


has rank at most N. Let r 1—. It follows from L’Hopital’s rule that the jth 
diagonal entry, for j = 1 ,..., /c, tends to Aip{aj). The remaining entries of M(r) 
also tend to the corresponding entries of M, and so M(r) —)• M. It follows that 
rank(M) < N. □ 
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Proposition 3.6. If the Pick matrix M associated with Problem 1.3 is positive 
definite then, for any r G T \ {cxi,..., a^} and C G T there is at most one solution 
If of Problem 1.3 for which V5(r) = C,. 


Proof. Let fihea. solution of Problem 1.3 such that fiij) = C and let Pr = Afiir). 
Thus is in the Schur class and satishes 

fj(aj) = r]j for j = l,...,n, 

Afi{aj) = pj for j = l,...,fc, 

V'('r) = C, 

AiP{t) = pr- (3.6) 


Since i/j is a Blaschke product of degree n, it follows from Proposition 3.5, applied 
to the augmented problem with data {a,fi,{p,pr)), that the corresponding Pick 
matrix 


M 


M 


has rank less or equal to n and so it is singular. Thus 




and so A'iP{t) is the same for every solution of Problem 1.3 such that = (. 
By Theorem 3.3, there is a unique function ip in the Schur class satisfying the 
conditions (3.6), and hence there is at most one solution of Problem 1.3 such that 
fi{T) = C- □ 


We denote by Cj the jth standard basis vector in C"". 

Proposition 3.7. If the Pick matrix M associated with Problem 1.3 is positive 
definite, if r eT \ {cti, ..., <7 ^}, C ^ 

Cj) 7^ 0 (3.7) 

for j = 1,... ,k, then there exists a unique solution ip to Problem 1.3 such that 

Pi.T) = C- 


Proof. Observe that by Lemma 3.4, if is defined by equation (3.4), then 
Bc_,t > 0 and rank(i?^^T-) = n. Further, Lemma 3.4 guarantees that ker(i?^^T-) is 


spanned by the vector 


that 


-M 

1 


The inequation (3.7) implies, for j = 1,..., k, 


and therefore, for every e > 0, we have 


5 , 


Cn 


0 


-M 

1 


-M 

1 


Thus 


1 


< 0. 


Bpr - e 


0 . 
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It follows that B(^ t- is minimally positive and the proposition follows from Theorem 
3.3. ’ □ 

In the light of Proposition 3.7 we dehne the exceptional set Zj. for Problem 1.3 
to be 

Z,- = {(^ G T : for some j, 1 < j < fc, Cj) = 0}. (3.8) 

Dehne n, x 1 vectors xx and yx for A G \ {(Xi,..., ak} by the formulas 


r ^ 1 


r 1 

1— 

, y\ = 

1—CTi"A 

1 


rffj: 

_ l—anX_ 


. 1—o>rA. 


so that 

U(;^r = Xr - CVr- (3.10) 

Proposition 3.8. (i) For any r G T \ {ui,..., ak} if 

{xr, M~^ej) = 0 = {yr, M~^ej) for some j, 1 < j < k, 

then Zr = T. 

(ii) There exist uncountably many r G T \ {ui,..., ak} such that the equation 

{xr,M~^ej) = 0 = {yr,M~^ej) 

does not hold for any j, 1 < j < k. Moreover, for such t, the set Z^ consists of at 
most k points. 

Proof, (i) Let 

Z^ = {CgT; {xr-Cyr)FM-^e,}- 
By the dehnition (3.8) and equation (3.10), 

z, = z; U • • ■ U Z^. 

Note that Z:^ = T if and only if, for every C ^ T, 

{xt - Cyr,M-^ej) = {xr,M-^ej) - C{yr,M-^ej) = 0. 

Hence, for r G T \ {ai ,..., ak}, the set Z;^ = T if and only if 

{xr,M~^ej) = 0 = {yr,M~^ej). 

Otherwise, Zi} consists of at most one point Q G T. 

We shall call a point r G T \ {cxi,..., ak} unsuitable if there exists j, 1 < j < k, 
such that M~^ej-L{xr,yT}- 

(ii) For j, 1 < j < k, let 

Ej = {t eT\{ai,... ,ak} : {xr, yr}EM~^ej}. 

Suppose that every r G T \ {ai ,..., ak} is unsuitable. Then 

T \ {(Ti,..., (Tfc} = U • • ■ U Zfc. 

Pick jo such that Ej^ is uncountable. Thus, for every r G Ej^, 

{xr,M-^ejf) = 0 = {yr,M-^ejf). 
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Let 


By equations (3.9), 


and 


M 


-1 




Cl 


{Xr, M = 0 

I — aiT 


2 = 1 


{Vr, M = Y -I — = 0 


2=1 


O-jT 


Since the functions /dA) = ,_L, , z = 1,... ,n, restricted to the inhnite bounded 
set Ej^ C C are linearly independent, Cj = 0 for all i and = 0. This is 

impossible. Therefore there exists r G T \ {ai ,... ,ak} such that the equalities 

{xr, M~^ej) = 0 = {yr, M~^ej) 

do not hold for any j, 1 < j < k. Hence there exists r G T \ {cxi,..., ak} such that 
the set Zr consists of at most k points. □ 

Our hnal result concerning Problem 1.3 is that the particular solution guaranteed 
by Proposition 3.7 is uniquely determined by ( and varies linear-fractionally in (. 
We suppose that Blaschke interpolation data (a, y, p) are given, as in Dehnition 
1 . 2 . 


Theorem 3.9. Let the Pick matrix M for Problem 1.3 he positive definite, and let 
r G T \ {(Ti,..., ak} be such that the set 

Zt- = {( e T : U(^^T-±M~^ej for some j, I < j <k} 

contains at most k points, where is defined by equation (3.5). 

(1) If C £ then there is a unique solution pc, of Problem 1.3 that satisfies 

= C- 

(2) There exist unique polynomials Or, hr, Cr, and dr of degree at most n such 
that 

h 1.^11 fi nl 

(3,11) 


a^(r) 

brir) 


'1 

o' 

Crir) 

dr{T)_ 


0 

1 


and, for all ( &T, if p is a solution of Problem 1.3 such that p{t) = (, 

fh PT) 

, a,(A)C + 6,(A) 

= UWcTTO 

for a// A G D. 

(3) If d, b, c, d are rational functions satisfying the equation 


(3.13) 


a(r) b{T) 


'1 O' 

_c(r) d(r)_ 


0 1 


and such that for three distinct points ( in T \ Zr, the equation 


ar{X)C + br{X) ^ d{X)C + b{X) 

Cr{X)( + dr{X) c(A)C + d(A) 


(3.14) 
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holds for all A G then there exists a rational function X such that a = 
Xor, b = Xbr, c = Xcr and d = Xd^. 

Proof. (1) By Proposition 3.8, there exists r G T \ {ai,..., au) such that the 
set Zj. consists of at most k points. Proposition 3.7 asserts that if M is positive 
dehnite and C, G T\Zj. then there exists a solution (p to Problem 1.3 with <p(r) = C,. 
By Proposition 3.6, the solution (when it exists) is unique. 


(2) Let C ^ T be such that there is a solution ip of Problem 1.3 satisfying 
ipir) = C- With the setup of the proof of Proposition 3.7, we have > 0 and 


ran(5^,^) = ^ ^ 

For A G ©, we dehne a (n + 1) x 1 column matrix by 

1—oTA 


(3.15) 


fC.A = 


1—(TtiA 

1-C¥^(A) 

1 —r A 


and dehne a (n + 2) x (n + 2) matrix by 

C'C,A = 


Bc_,t 

* 1-|¥i(A)P 


i_|a|2 

As A is the localization of the Pick matrix for (p to the points cxi,..., cr„, r. A, it 
follows that C^^x > 0. Hence, equation (3.15) implies that 


^C,A 


-M 

1 


= 0 . 


Note that 


U(,T = Xr — CVt and u^^a = 


Xx 

1 

-</?(A) 

’ yx ' 

c 

_ 1 —rA. 


Li--aJ 


(3.16) 


(3.17) 


where n x 1 vectors xx and yx are dehned for A G D \ {ai,..., cta,} by the formulas 
(3.9). Hence, by equations (3.16) and (3.17), we have 

1 

r-i 


0 = ( ^C,A , 


Xx 

1 

-<^(A) 

’ yx ' 
c 


_ 1 —rA. 


Li-taJ 

_ 


-M ^{Xr - CVt) 


= {{xx- ip{X)y\),-M {Xr-Cyr)) + 


1 - C<a(A) 
1 — r A 


(3.18) 


Therefore 


(xa - p>{X)yx, (M yr - M ^Xr) + 


1 — rA 


p>{X) 


1 — rA 


= 0 . 


(3.19) 
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Equation (3.19) for <y5(A) yields, after simplification, 

Al(A)C + i?(A) 


<^(A) = 


C(A)C + /1(A)’ 


where 

"4(A) = -{xx,M~^Xr) + 

i — rA 

B{X) = {x^,M-^yr), 

C{\) = -{yx,M~'^Xr), 

and 

E>(A) = {yx,M-^yr) + ^ 


(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 


As the right hand sides of equations (3.21) - (3.24) depend only on the prescribed 
data of Problem 1.3, equation (3.20) implies that (p is unique as claimed. 

To dehne ar,br,Cr, dr with the desired properties, let 


7r(A) 


(1 -rA)n 

i=i 


1 - 

1 -^r’ 


and set 

Or = ttA, br = 'xB, Cr = xC, and dr = xD. (3.25) 

With these dehnitions, equation (3.11) follows immediately from equations (3.21)- 
(3.24) and equation (3.12) follows from equation (3.20). 

(3) To prove the hnal assertion of Theorem 3.9, assume that a, b, c, d are rational 
functions satisfying equation (3.13) and such that for 3 distinct points in T \ Zr, 
equation (3.14) holds for all A G ©. Cross multiplication in equation (3.14) yields 

(XCrC, “|- (^Oidr T bCr^C T bdr — (XrC(^ -\~ {^(Ird brCjC T brd 
for 3 distinct values of Hence, 


aCr = ttrC, 

ddr + bCr = ttrd + brC 


(3.26) 

(3.27) 


and 

bdr = brd. (3.28) 

Solving equation (3.26) for c and equation (3.28) for b and then substituting into 
equation (3.27), we deduce that 


d d 

Qr dr 

Here, as equation (3.11) guarantees that a,- and dr are not identically zero, d/ttr 
and d/dr aLe well dehned rational functions. Since equations (3.26) and (3.28) 
imply that 

c = —Cr and b = ^br, 

ttr dr 

the hnal assertion of the theorem follows with X = d/ar- 
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To see the uniqueness of polynomials a,-, fe,-; Ct, dr assume that there is a second 
collection oi, bi, ci, di of polynomials of degree < n such that equations (3.13) and 
(3.14) hold. By what was proved in the previous paragraph, it is not the case that 
both collections of polynomials are relatively prime. Otherwise, there is a third 
collection 02 , 62 , C 2 , ^2 of polynomials of degree < n — 1 such that equations (3.11) 
and (3.12) hold. This contradicts the fact that deg(v 9 ) = n for all C £ T \ Zr. □ 


In view of Theorem 3.9 we can make precise what we mean by a parametrization 
of the solutions of a Blaschke interpolation problem. 


Definition 3.10. Let {a,ri,p) be Blaschke interpolation data, with n distinct in¬ 
terpolation nodes of which k lie in T. Suppose that Problem 1.3 is solvable. We 
say that 

aC + b 

^ < + d 

is a normalised linear fractional parametrization of the solutions of Problem 1.3 if 

( 1 ) a, b, c, d are polynomials of degree at most n; 

(2) for all but at most k values of ( &T, the function 

a(A)C + 6 (A) 


9?(A) = 

is a solution of Problem 1.3; 
(3) for some point r G T \ {cxi,... 


c(A)C + d(A) 


(3.29) 


a(r) 6 (r) 


'i o' 

_c(r) d(r)_ 


0 1 


(4) every solution ip of Problem 1.3 has the form (3.29) for some C ^ T. 


Remark 3.11. Let {a,ri,p) be Blaschke interpolation data, with n distinct inter¬ 
polation nodes of which k lie in T. Suppose the Pick matrix M of this problem 
is positive dehnite. The above proof of Theorem 3.9 gives an explicit linear frac¬ 
tional parametrization of the solutions of Problem 1.3. As in Theorem 3.9 choose 
r G T \ {(Ti,..., CTfc} snch that the set Zr contains at most k points. A normalised 
linear fractional parametrization of the solntion set of Problem 1.3 is 

UrC T 

P 7 \ I 
CrQ + dr 

where the polynomials a^-, br, Cr and dr are dehned by eqnations (3.25). Note that 
different choices of r will yield different normalised parametrizations. 


In the terminology of Dehnition 3.10, Theorem 3.9 tells ns the following. 

Corollary 3.12. Let {a,r],p) be Blaschke interpolation data, with n distinct in¬ 
terpolation nodes. Suppose the Pick matrix M of this problem is positive definite. 
There exists a normalized linear fractional parametrization 

aC -\-b 
“ cC + d 

of the solutions of Problem 1.3. Moreover 

(1) at least one of the polynomials a, b, c, d has degree n; 
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(2) the polynomials a, b, c, d have no common zero in C; 

(3) |c| < \d\ onB-. 


Proof. As in Theorem 3.9 choose r G T \ {ai, ... ,(7^} such that the set Zr 
contains at most k points. Let the polynomials a = Or, b = br, c = Ct and 
d = dr he dehned by equations (3.25). Theorem 3.9 shows that {a,b,c,d) has 
the properties (1), (2) and (3) of Definition 3.10. Let (p be a solution of Problem 
1.3 and let ( = By Theorem 3.9(2), (p is given by equation (3.29). Hence 

property (4) of Definition 3.10 holds. 

Moreover (1) if all of a, 6, c, d have degree strictly less than n then cp = is a 
rational function of degree strictly less than n, and so is not a solution of Problem 
1.3. 

(2) Suppose a G C is a common zero of the polynomials a, b, c, d. On cancelling 
the common factor X — a above and below in equations (3.29) and multiplying 
numerator and denominator by a suitable nonzero scalar we obtain a different 
normalized parametrization of solutions of Problem 1.3, with the same r, contrary 
to the uniqueness statement in Theorem 3.9(2). Hence a, b, c and d have no common 
zero in C. 

(3) By the normalization property in Definition 3.10(3), 

{ad — bc){X) —)■ 1 as A —)■ r. 


Hence ad — 6c is a polynomial of degree at most 2n and is not identically zero. 
Therefore 


r = {AgD: (ad-6c)(A) =0} 


contains at most 2n points. 

We claim that the real-valued function /(A) = |d(A)| — |c(A)| has no zeros in 
D \ y. For suppose that Aq is a zero of /. Then there exists Co ^ T such that 

c(Ao)Co + d(Ao) = 0. Since |<p| = < 1 on D for almost all C £ T, it follows 

that also a(Ao)Co + b{Xo) = 0, and therefore {ad — 6c) (Aq) = 0, that is, Aq G Y. 

Since c(r) = 0 and d(r) = 1, the continuous function / is strictly positive on a 
neighbourhood of r in D. Suppose that f{Xi) < 0 for some Ai G ©. Then / < 0 
on an open set, and hence there are inhnitely many points in D at which / = 0, a 
contradiction. Hence / > 0 on D. □ 


4. Prescribing the nodes and values 

In this section we shall show how to construct rational P-inner functions with 
prescribed royal nodes and values. Our answer will be in terms of the solution to 
Problem 1.3 as described in Proposition 3.7 and Theorem 3.9. First we require a 
notion of multiplicity for royal nodes. 

Definition 4.1. Let h be a rational T-inner function with royal polynomial R. If 
a is a zero of R of order i, we define the multiplicity ffa of a (as a royal node of 
h) by 

f £ if a G B 

= < 

y \£ z/ a G T. 
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The type of h is the ordered pair (n, k) where n is the sum of the multiplicities 
of the royal nodes of h that lie in D“ and k is the sum of the multiplicities of the 
royal nodes of h that lie in T. We denote by 7^”’^ the collection of rational V-inner 
functions h of type (n, k). 

By [3, Theorem 3.8], ii h = {s,p) belongs to then deg(h) = n and p is a 
Blaschke product of degree n. 

The following example of rational T-inner functions from even n > 2 

can be found in [1, Proposition 12.1], 

Example 4.2. For all z/ > 0 and 0 < r < 1, the function 

belongs to 7 ^ 2 i./+ 2 , 21^+1 royal nodes of h^, that lie in T, being the points at 

which |s| = 2, are the {2u + l)th roots of —1, that is, 

00 j = ei-(2J+l)/(2^^+l)^ j = 0 ,..., 2z/. 

They are all of multiplicity 1. Note that there is a simple royal node at 0. 

In this section we are concerned only with rational T-inner functions whose royal 
nodes all have multiplicity 1. 

The following elementary calculation will be useful. 


Lemma 4.3. Let a,b,c,d, So,po G C and suppose that |po| = 1; Sq = SqPq, 
sqc 7 ^ 2d and |so| < 2. Let 




2poc - Sod 

s = 2 -—. 

sqc — 2d 

(4.2) 

Then 


s < 2 c < d . 

(4.3) 

Proof. 

|s| < 2 ^ 

\2poc — sod\^ < \soc — 2d\^ 

(4.4) 


4|c|^ — 2Re(2pocso(i)-I-IsoHdl^ 

< IsoHcl^ — 2Re(2soC(i) -|- 4|(i|^ 

(4 — IsoHdcl^ — |dd) < 4Re(socd — Socd) 

|cd - Mp < 0 

^ |c| < \d\. (4.5) 

□ 

The next result provides a necessary condition for the existence of a rational 
T-inner function with prescribed royal interpolation data. 

Theorem 4.4. Let h = {s,p) be a rational T-inner function of type {n,k) having 
distinct royal nodes (Ti,...,(T„ and corresponding royal values pi,...,?7„, where 
(Ti, ..., o-fc e T. Let pj = ^Ap{aj) for j = 1,... , k. 
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(1) There exists a rational inner function ip that solves Problem 1.3, that is, 
such that deg(</?) = n, 


= r]j 


for j = l,...,n 


(4.6) 


and 

Aip{aj) = pj for i = l,...,k. (4.7) 

Any such function p is expressible in the form p = ^^^oh for some cu G T. 
(2) There exist polynomials a, b, c, d of degree at most n such that a normalized 
parametrization of the solutions of Problem 1.3 is 


T 


aC, Pb 
cC + d' 


CgT. 


(3) For any polynomials a,b,c,d as in (2), there exist so,Po G C such that 


bol = 1, 

(4.8) 

So = SoPo, 

(4.9) 

|so| < 2 

(4.10) 

|c| < \d\, 

(4.11) 

s^a — 2b + 2 pqc — s^d = 0 

(4.12) 

and 


{2poc - sodf 7^ {-2poa + sob){soc - 2d). 

(4.13) 

Moreover 


2poc - Sod 

s = 2 -—, 

SqC — 2d 

(4.14) 

-2poa + Sob 
on 

Soc — 2d 

(4.15) 

Proof. (1) For cu G T consider the rational function 


, , 2up - s 

2 — us 

(4.16) 

Then, li u ^ -pi, -772 ,..., -f]k, 


2urf, + 2r]j 

2 + ^2„, = 

(4.17) 

We claim that, for cu G T \ {—771. ..., 77^}, the function p = 

j is a solution of 

Problem 1.3. By [1, Proposition 3.2], for any a; G T and any point 

(5(A),p(A))Gr, 

*^tj(s(A),p(A)) = 1 if and only if ci;(s(A) — s(A)p(A)) = 

l-b(A)p. 

Thus it is easy to see that (p is inner. The equation (4.17) shows that ip^j takes the 

required values at cxi,..., an- By Proposition 2.5(iv), 


^'^^(crj) = \Ap{aj) = pj for j = 1, 2 ,..., /c. 

(4.18) 


It is also true that deg('^^) = n for cu ^ —pi ...., —pk- By [3, Proposition 2.2], 
for a rational P-inner function h = {s,p) such that deg(p) = n and if D is the 







20 


JIM AGLER, ZINAIDA A. LYKOVA AND N. J. YOUNG 


denominator when p is written in its lowest terms then s can also be written with 
denominator D. It follows that 


deg('0t^) = deg(p) — ^^{cancellations between 2ojp — s and 2 — cns}. (4.19) 


By [1, Theorem 7.12], snch cancellations can occnr only at the royal nodes aj G 
T, j = and then only when u = ^s{aj) = —fjj. Hence there are no 

cancellations in eqnation (4.19), and so deg('^tj) = n. We have shown that, if 
oj 7 ^ —pi, —P 2 , ■ ■ ■, —Pk, then ip = 'ijj^ is a. solntion of Problem 1.3. 

(2) Since Problem 1.3 is solvable, its Pick matrix is positive dehnite and so The¬ 
orem 3.9 tells ns that there exist polynomials a, 6, c, d of degree at most n which 
parametrise the solntions of Problem 1.3. Let ns choose a particular such 4-tuple 
of polynomials, as described in Theorem 3.9. By Proposition 3.8, there exists 
r G T \ {(Ji,..., (jfc} such that the set (dehned in equation (3.8)) consists of at 
most k points. Fix such a r G T; then there exist unique polynomials a,-, b^-, Cr, dr 
of degree at most n such that 


a^(r) 

brir) 


'l 

o' 

.Cr(r) 

dr{T)_ 


0 

1 


and, for all C ^ T \ Z,-, the function 

OrC T 

^ = A I ^ 

CrQ + dr 


(4.20) 


(4.21) 


is the unique solution of Problem 1.3 that satishes p>{t) = (. Moreover, the general 
4-tuple of polynomials that parametrises the solutions of Problem 1.3 is expressible 
in the form 

{a,b,c,d) = {Xttr, Xbr, Xcr, Xdr) (4.22) 

for some rational function X. 

Let So = s{t), po = p{t). Since h is P-inner, equations (4.8) and (4.9) hold 
by virtue of Proposition 2.1. Since r is chosen not to be a royal node of h, the 
inequation (4.10) also holds. Moreover |so| < 2, since, for any point {zi,Z 2 ) in the 
distinguished boundary fcP of P, we have \zi\ =2 if and only if z\ = 4^2 - see [1, 
Proposition 3.2(3)]. It remains to prove equations (4.12) and (4.11). 


Lemma 4.5. Let 


f -2 i7iPo - So - 2 p 2 PQ - So - 2 pkPo - sq 1 
\ 2 + rpso ’ 2 -F p^so ’ ■ ■ ■ ’ 2 + p^so j ' 

// C G T \ Zr then the function 

_ (4p - sos)C + 2sop - 2 pos 
^ (2so - 2s)C + 4po - sqs 
is a solution of Problem 1.3 and satisfies (p^r) = (. 

Proof. Observe that, by equation (4.16), for any a; G T, 


V’i^('r) 


2ujpo - Sq 

2 — cjso ’ 


(4.23) 
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which is well dehned since |so| < 2. We have, for C ^ T, 

/ / ^ ^ .. 2upq-sq 

2C + So 


UJ = 


2po + C^o 


Hence, as long as 


the function 


2C + -So 
2po + C-So 




2po+C®0 


(4.24) 


(4.25) 


is a solution of Problem 1.3 which satishes in addition </?(r) = C- Condition (4.24) 
can equally be written 

2 + i?jSo 

or equivalently C ^ Z~. 

On computing p from equations (4.25) and (4.16) we hnd that p is indeed given 
by equation (4.23); this establishes the Lemma. □ 


We conclude the proof of Theorem 4.4 (2). For G T \ {Zr U Z~) we have 
two expressions for the unique solution of Problem 1.3 for which (p(r) = C, to wit 
equations (4.21) (with the normalising condition (4.20)) and (4.23). Note that 


4p(r) 

- sos(r) 

2sop(r) - 2pos(r) 


4po - SqSo 

2soPo - 2poSo 

2so 

- 2s(r) 

4po - sos(r) 


2so — 2so 

4po - So So 


= (4po - So) 


1 

0 


0 

1 


Since the set Zr U is finite, the linear fractional transformations in equations 
(4.21) and (4.23) are equal at inhnitely many points, hence coincide. On taking 
account of the normalising condition we obtain 


ttr br 

1 

Ap — sqS 

2soP - 2poS 

Cr dr 

4po - si 

2so — 2s 

Apo - SqS _ 


Suppose that a, b, c, and d are polynomials that parametrise the solutions of 
Problem 1.3, as in Theorem 4.4 (2). By the observation (4.22), there exists a 
rational function X such that 


Xa = Ap — sqS, 

(4.26) 

Xb = 2sop — 2pos, 

(4.27) 

Xc = 2so — 2s, and 

(4.28) 

Xd = 4po — sqs. 

(4.29) 


Thus 

X (soo — 2b + 2 pqc — Sod) = 

So(4p - sqs) - 2{2soP - 2pos) + 2po(2so - 2s) - So(4po - Sqs) 
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which is zero. Hence equation (4.12) holds. 

Let us find connections between s,p and the polynomials a, b, c, d. Solving equa¬ 
tions (4.28) and (4.29) for s and X we find that 


2sl - 8po 
sqc — 2d 


(4.30) 


and 


2poc - Sod 

s = 2 -—. 

sqc — 2d 


Eliminating s from equations (4.26) and (4.27) we deduce that 


(4.31) 


{^Po-2s^]p = X{2poa-Sob), (4.32) 


which implies via equation (4.30) that 


-2poa + Sob 
soc — 2d 


(4.33) 


Since h = {s,p) is a rational E-inner function, |s| < 2 on D and, by Lemma 4.3, 
equation (4.11) holds. Since, by assumption, h(D) 71, we have 7 ^ 4p on 
and inequation (4.13) holds. The proof of Theorem 4.4 is complete. □ 


Remark 4.6. The above proof shows that, if ca 7^ • • • > ~Vk, then o /i is a 

solution of the corresponding Blaschke interpolation problem. What if a; = —pj for 
some j E {1,, k}7 Then the rational function $^ 0/1 has a removable singularity 
at aj. After cancellation, it is still true (by Proposition 2.5) that $ 1 ^ o h{aj) = pj, 
but we cannot assert that A($^o h)(aj) = 2pj. In any case has degree n — 1, 

and so is not a solution of Problem 1.3. 


There is a converse to Theorem 4.4. To prove it we need the following purely 
algebraic observation, which is proved by a routine calculation. 


Proposition 4.7. Let a, b, c, d be polynomials in the indeterminate A and suppose 
that So,Po G C satisfy Sq 7 ^ 4po, SqC 7 ^ 2d and 

Soa — 2b + 2poC — Sod = 0 . 


Let rational functions s,p be defined by 


2poc - Sod 

s = 2 -—, 

sqc — 2d 


— 2poa -|- Sob 
sqc — 2d 


and let 

C(a;) = 

Then, as rational functions in (cn. A), 


2upo - gp 
2 — (jjso 


2ujp{X) — s{\) a(A)C(ci;)-l-&(A) 

2 — a;s(A) c(A)C(cij)-l-(i(A) 


This algebraic relation has implications for rational maps from D to P. 


(4.34) 

(4.35) 
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Proposition 4.8. Let a, b, c, d be polynomials having no common zero in D and 
satisfying |c| < \d\ on D. Suppose that So,Po ^ C satisfy SqC 7 ^ 2d and 

SqQ — 2b + 2 pqc — Sod = 0. 


Suppose in addition that |po| = 1, |so| < 2 and sq = Sopo- Let rational functions 
s,p be defined by eguations (4.34) and let 




a(A)C + fo(A) 
c(A)C + ci(A)’ 


(i) If, for all but finitely many values 0 / A G D, 


(4.36) 


IV^c(^)l < 1 


(4.37) 


for all but finitely many C G T, then sqC — 2d has no zeros in D“ and {s,p) is a 
holomorphic map from D to F. 

(ii) If, for all but finitely many C ^ T, the function is inner, then h = {s,p) 
is a rational F -inner function. 


Proof, (i) Notice first that the hypotheses on sq and po imply that C(') (dehned 
by equation (4.35)) is an automorphism of D and so dehnes a bijective self-map of 

T. 

By hypothesis there is a hnite subset of D such that, for all A G D \ i7, there 
is a hnite subset Fx of T such that the inequality (4.37) holds for all C £ T \ FA. 

We claim that the denominator sqc — 2d oi s and p in equations (4.34) has no 
zeros in D“. For suppose that a is such a zero. Since |c| < |(i| on ©“ and |so| <2, 

0 = |soc — 2d\ > 2\d\ — |soc| 

>(2-|sol)M| 


at a, and hence d{a) = 0 , and consequently c{a) = 0 . 

Choose a sequence aj in D \ such that aj a. For each j, for G T \ F{Xj) 
we have |'0^| < 1 on D \ i7. Hence, for all but countably many C ^ T (that is, for 
CGT\U,F(A,)) 

a{aj)C + b{aj) 


< 1 . 


c(«i)C + d{aj] 

0 uniformly almost everywhere for ( 


T as j — 00 , 
) 0. Thus 


Since c{aj)C -|- d{aj) —?■ 

the same holds for a{aj)( -|- b{aj). Hence a{aj) 0 and b{aj 
a{a) = b{a) = 0. Hence a, b, c, d all vanish at a, contrary to hypothesis. It follows 
that sqc — 2d has no zeros in D“. 

Thus s and p are rational functions having no poles in D“. 

Consider A G D \ i7. By Proposition 4.7, 

a(A)C(a;) + 6(A) 


^^(s(A),p(A)) = 

c(A)C(cj) + d(A) 

whenever both sides are dehned, that is, for all a; G T \ where 
Ha = { 1 ^ G T : ci;s(A) = 2 or c(A)C(ci;) = —d(A)}. 


(4.38) 


Ha contains at most two points. On combining the relations (4.36), (4.37) and 
(4.38) we deduce that 

|4>.(s(A),p(A))|<l 
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for all cu G T such that ca ^ hence for all but hnitely many ca G T. By 

Lemma 4.3, |s(A)| < 2. It follows from [1, Proposition 3.2(2)] that (s(A),p(A)) G P. 
Since this is true for all but hnitely many A G D and s,p are rational functions 
without poles in D“, {s,p) maps the whole of D“ into P. 

(ii) Suppose that, for some hnite subset F of T, the function is inner for all 
C G T \ F. By Part (i), {s,p) maps D into P and therefore extends to a continuous 
map of D“ into P. Consider A G T. By Proposition 4.7 and equation (4.36), 

^a;(s(A),p(A)) = '0f(<^)(A) (4.39) 

whenever both sides are dehned, that is, for all ca G T \ IIa where 

IIa = {iv G T : ci;s(A) = 2 or c(A)C(n;) = — d(A)}. 

IIa contains at most two points. For a; G T \ the function is inner. 

Hence, for cn G T \ (C“^(F) U ilx), 

|4>^(s(A),p(A))| = |V^Ch(A)| = 1. (4.40) 

[1, Proposition 3.2] asserts that, for any a; G T and any point (si,pi) G P, 

|4>aj(si,Pi)| = 1 if and only if a;(si - SiPi) = 1 - |pip. 

Hence, if |<haj(si,pi)| = 1 for two distinct cn G T, then |pi| = 1 and si = sipi, 
which is to say that (si,pi) is in the distinguished boundary 6P of P. Therefore, 
since equation (4.40) holds for many a; G T, (s(A),p(A)) G 6 P. Thus h = {s,p) is 
a rational P-inner function. □ 

The following result gives the promised explicit construction of a solution of the 
royal P-interpolation problem in terms of a normalized parametrization of solutions 
of the corresponding Blaschke interpolation problem. 

Theorem 4.9. Let {a,p,p) be Blaschke interpolation data with n distinct inter¬ 
polation nodes of which k lie in T, as in Definition 1.2. Suppose that Problem 
1.3 with these data is solvable and the solutions p of Problem 1.3 have normalized 
parametrization 

aC -\-b 


Suppose that there exist scalars sq and po such that 

\po\ = 1, So = F)Po, kol < 2 (4.41) 

and 

soa — 26 + 2poc — Sod = 0. (4.42) 

Then there exists a rational T-inner function h = {s,p) such that 

(i) h G 

(ii) h{aj) = {-2pj, p]) for j = 1,2,...,n, 

(hi) Ap{aj) = 2pj for j = 1,2,..., k. 

(iv) for all but finitely many ca G T, the function oh is a solution of Problem 

1.3. 
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An explicit function h = (s,p) satisfying conditions (i)-(iv) is given by 

2poC- Sod 

^ 

SqC — 2d 
-2poa + Sob 

P ~ -• 

SqC — 2d 


(4.43) 

(4.44) 


Proof. By Corollary 3.12 (3), |c| < |(i| on D . Hence 
By assnmption |so/2| < 1, and therefore SqC ^ 2d on D“. 


d{\) 


> 1 for A G 


c(A) 

By Proposition 4.8, h 
is a rational P-inner fnnction. Since a, b, c, d are polynomials of degree at most n, 
the rational function h has degree at most n. Recall that the degree of h coincides 
with the degree of p. 

By Dehnition 3.10 of a normalised linear fractional parametrization of the solu¬ 
tions of Problem 1.3, for some point r G T \ {ai,..., ak}, 


Thus it is easy to see that 


a(r) 6(r) 


'i o' 

_c(r) d(r)_ 


0 1 


o2Poc(r) - sod(r) ^ 

soc(r) - 2d(r) 

(4.45) 

-2poa{T) So6(r) 

Pd) = 7 ^ 0^7 ^ = Po- 

SqC r) - 2d r) 

(4.46) 


By assumption, |po| = 1 and |so| < 2, and hence s(r)^ ^ 4p(r). Therefore h(©“) 
is not in the royal variety TZ. 

Let us show that h satishes the interpolation conditions 


h{aj) = {-2r]j,r]]) (4.47) 

for j = 1, ... , 77 ,, which is to say that aj is a royal node of h with corresponding 
royal value pj. By hypothesis, there is a hnite set F C T such that, for all C, G T\F, 


the function 


is a solution of Problem 1.3, and so 

= Vj 

and 

= Pj 

for all C £ T \ F. By Proposition 4.7 


def o(A)C + 6(A) 


c(A)C + d(A) 


for j = 1,..., n 

(4.48) 

for j = 1,..., /c 

(4.49) 

2a;p(A)-s(A) ^ 

= o =^u;°h{X) 

2 — cj5(Aj 

(4.50) 




a(A)C(a;) + 6(A) 
c(A)C(a;) + d(A) 


as rational functions in (ca. A), where C(<^) = • Hence, for ca G T \ 

o h is a solution of Problem 1.3; this proves statement (iv). 

For any A G 115“ equation (4.50) holds whenever both denominators are nonzero, 
hence for all but at most two values of cn G T. On combining equations (4.48) and 
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(4.50) (with A = CTj) we infer that, for j 
cj G T, 

2ujp{aj) - s{aj) 

2 — ojs{aj) 

Therefore, for almost all a; G T, 


: 1,..., n and for all but hnitely many 

= Vj- 


2up{aj) - s{aj) = r]j{2 - ujs{aj)). 

It follows that s(crj) = —2rij and p{crj) = j = 1,2,... ,n, and so the interpola¬ 
tion conditions (4.47) hold. 

We have already observed that deg{h) < n and that h(ro) is not in TZ. Thus 
[3, Theorem 3.8] tells us that, in this case, the number of royal nodes of h is 
equal to the degree of h. Therefore h has at most n royal nodes. Since the points 
(Tj, j = l,2,...,n are royal nodes, they comprise all the royal nodes of h and 
deg(h) = n. Precisely k of the (jj lie in T, and so h has exactly k royal nodes in 
T. Thus h G 77."'’^ and statement (i) holds. 

Next we show that Ap{aj) = 2pj. Fix j G {!,..., k}. By Proposition 2.5(iv), 
for a; G T, a; 7 ^ —pj (and so 2 — ujs{aj) = 2(1 -|- cupj) ^ 0), 

A(<h^ o h)(crj) = \Ap{aj). (4.51) 

There is also a set flj containing at most one ojj G T such that c{aj)C,{uj)+d{aj) = 0 
for oj G VLj. Hence if cu G T \ {{—pj} U Hj), it follows from equation (4.50) that 
= $ 0 ; o h in a neighbourhood of aj, and consequently, for such ou, 

A'ipQ{u){.(^j) = A(<h^ o h){aj). (4.52) 

Each of the equations (4.51), (4.52) and (4.49) hold for cu in a cohnite subset of T. 
Hence, for ca in the intersection of these cohnite subsets, 

Ap{(Tj) = 2A{^^ o h){aj) = 2H'0^(^)(aj) = 2pj 

as required. □ 


Remark 4.10. Under the assumptions of Theorem 4.9, the condition (4.13): 

{2poc - Sodf ^ {-2poa + SQb){soC - 2d) (4.53) 

is satished automatically and the rational P-inner function h is such that h(D“) is 
not in the royal variety TZ. 

Remark 4.11. Every solution of a royal P-interpolation problem is obtainable by 
the method in the theorem. Let data {a,p,p) be as in Theorem 4.9. Suppose that 
Problem 1.3 with these data is solvable and the solutions p of Problem 1.3 have 
normalized parametrization 

a() E b 


By Theorem 4.4, every rational P-inner function h = {s,p) G 77."’’^ satisfying 
(i) h{aj) = {-2pj, p'j) for j = 1, 2,..., n. 
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(ii) Ap{aj) = 2pj ior j = 1,2,... ,k 
is expressible by the equations 

^ _ ^ 2poc - spd 
SqC — 2d ’ 

-2poa + Sob 

P =- 

SqC — 2d 

for some choice of So,po satisfying conditions (4.41) and (4.42) 

Example 4.12. Consider 3 distinct points (Ti,a 2 ,o'o G T and 3 distinct points 
G T in the same cyclic order as ai,a 2 ,cr 3 . There is a Blaschke factor ip 
such that = Pj for j = 1,2,3; let pj = Aip{aj) for j = 1,2,3. Problem 

1.3 with data {a,p,p) is solvable and 9 ? is a solution. Let h = (—2(p,(p^); then 
h(D) C TZ. Every point of D“ is a royal node of h; in particular, h has the 3 
distinct royal nodes ai,a 2 ,a'o G T with corresponding royal values pi,P 2 ,P 3 G T, 
and 

Ap{aj) = Aip^{aj) = 2Aip{aj) = 2pj, j = 1, 2, 3. 

At the same time deg(h) = 2 . The example shows that for the rational T-inner 
functions whose range is contained in 71, it can happen that deg(h) is strictly less 
than n. 


(4.54) 

(4.55) 


5. The algorithm 


In this section we summarize the steps in the solution of the royal T-interpolation 
problem in the form of a concrete algorithm. 

We suppose given Blaschke interpolation data {a,p,p) as in Dehnition 1.2. Here 
there are n prescribed royal nodes aj, of which the hrst k lie in T and the remaining 
n — k are in D. To construct a rational T-inner function or functions of degree n 
having royal nodes (jj, royal values pj and phasar derivatives 2pj at aj we proceed 
as follows. 

(1) Form the Pick matrix M = [rriijYlj^i for the data {a,p,p), with entries 

ii i = j < k 

otherwise. 

If M is not positive dehnite then the interpolation problem is not solvable. Oth¬ 
erwise, introduce the notation 


rriij = 


Pi 
1 • 


PiPj 


1 a^aj 


r ^ 1 


r *'1 1 

1—ctTA 

, y\ = 

1—(ji A 

1 



_ 1—o>rA_ 




(5.1) 


as in equations (3.9). 

(2) Choose a point r G T \ {ai,..., ak} such that the set of C G T for which 
(^M~^Xr, Cj') = ( (^M~^yT-, Cj) for some j G {1,..., n} 


(where ej is the jth standard basis vector in C"') is hnite. 
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(3) Find So,Po ^ C such that |so| <2, |po| = 1, Sq = SqPo and, for all A G D, 

So ((xa, M~^Xr) + (i/A, M~^yr)) + 2 (xa, M~^yr) + 2po (i/a, M~^Xr) = 0. (5.2) 


If there is no pair (sq, Po) satisfying these conditions, then the interpolation problem 
is not solvable; otherwise 

(4) Let 


aw = n 

i=i 

and let polynomials a,b,c,d be given by 


1 - 

1 - djT 


a{\) = g{X) (l - (1 - fA) (xa, M~^Xr)) , 
b{X) = g{X){l - fA) (xa, M~^yr) , 
c(A) = -g{X){l - f A) {yx, M~^Xr) , 
d{X) = g{X) (1 + (1 - f A) {yx, M-^y^)) . 


Note that 


(5) Let 


a(r) 5(r) 


'i o' 

_c(r) d(r)_ 


0 1 


^ _ ^ 2poc- spd 
SqC — 2d ’ 
-2poa + Sob 

P =- 

SqC — 2d 


It is easy to see that 

s(r) = So and p(r) = po. 

Then h = {s,p) is a rational F-inner function of degree at most n such that 
K(^j) = (-“^Vj^Vj) for j = and Ap{aj) = 2pj for j = 1,..., fc. By 

assumption, |po| = 1 and |so| < 2, and hence s(r)^ ^ 4p(r). Therefore h(ro“) 
is not in the royal variety TZ and the degree of h is exactly n. 

The following comments relate the steps of the algorithm to results in the paper. 

(1) If the royal F-interpolation problem is solvable, then the Blaschke interpolation 
problem with the same data is solvable, by Theorem 4.4. By Proposition 3.2, 
M > 0. 

(2) This amounts to saying that Zr is hnite, in the notation of equation (3.8). By 
Proposition 3.8, there are uncountably many such r G T. 

(3) The necessity of the existence of so,po is given in Theorem 4.4 equation (4.12), 
together with the equations (3.21) to (3.25) for a, 6 , c and d. 

The conditions that |so| < 2, |po| = 1 and Sq = SqPq are equivalent to (so,Po) ^ 
feP and I So I < 2. By a standard parametrization of 6 P [7, Theorem 2.4], we can 
take So = 2tu, po = xP' for some t G (—1,1) and ca G T. The condition (5.2) then 
becomes: for all A G ID, 

{yx, M~^Xr) up ((xa, M~^Xr) + {yx, M~^y-r)) UJ + (xa, M~^yr) = 0. (5.3) 


After multiplication of both sides by nj=i(i-the coefficients in this equation 
relating t and uj become polynomials in A of degree at most n, and so the equation 
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is in effect a system of 2?7, + 2 real equations in two real variables. Consequently 
the system is over-determined. The existence of So,Po satisfying equations (5.2) is 
thus in principle a stringent condition for the solvablility of a royal T-interpolation 
problem. Remarkably, in the two examples in the next section, the A terms factor 
out entirely from equation (5.3), and one obtains a single real equation in t and a;, 
which has a 1-parameter family of solutions. 

(4) The equations for a, 5, c and d are equations (3.21) to (3.25). 

(5) The equations for s and p are (4.45) and (4.46). 


6. Two EXAMPLES 


Even the simplest case of Problem 1.4, the royal T-interpolation problem with 
only one interpolation node, demands a surprising amount of calculation to solve. 
This problem is so simple that it can be readily solved without the foregoing theory, 
but it is instructive to see how the algorithm in Section 5 works in this case. 

Example 6.1. Consider the case n = 1, A; = 0 of Problem 1.4. There are pre¬ 
scribed a single royal node cxi G D and a single royal value ?7 G D, and we seek a 
P-inner function h of degree 1 such that h{ai) = (—2?7,?7^). By composition with 
an automorphism of D we may reduce to the case that ai = 0. There is clearly 
at least a 1-parameter family of solutions, if any, since if h is a solution then so is 
h{uj\) for any cn G T. 

The recipe for h in Section 4 proceeds as follows. Choose an arbitrary r G T. 
The normalized parametrization of the solution set of the associated Blaschke 
interpolation problem, according to equations (3.25), is given by 

rA - InP 


®t(A) 
hr{\) = 


-(A) = 


dr{\) = 


1 - 
7]{l 


-fA) 


1-I^P ’ 

^(1 -^ A ) 
1 -H 2 ^ 
1 — 


1 - \p\^ 


The next step is to determine whether there exist so,Po such that equations (4.8) 
to (4.13) hold. A little calculation shows that there is a 1-parameter family of such 
(5o,Po), given by 

Aoj'ReiCjrj) ^ 

= ^0 = 0 ; 

for any cu G T. Substitution of these values into equations (4.45) and (4.46) yields 
the degree 1 P-inner function 

p + pnX kX + A 


h{X) = -2 


1 -I- p'^kX^ 1 -I- p'^kX J 


K = T- 


- p^ 


p'^u'^ 


where 
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K is a general point of T, and so we do obtain a 1-parameter family of F-inner 
functions of degree 1 satisfying h{0) = An alternative expression for h 

is 


MA) = (/3 + /3p(A),p(A)) 


where 


/S 


2r] 

1 + |r/| 2 ’ 


p(A) 


kX + rf 
1 -|- fj^nX 


Example 6.2. Next consider the case of a single interpolation node on the unit 
circle - say a = 1. A point rj and a p > 0 are prescribed, and we seek a F-inner 
function h = {s,p) of degree 1 such that h{l) = {—2ri,rf) and Ap{l) = 2p. 

Choose r G T \ {1}. Again calculate the normalized parametrization of the so¬ 
lution set of the associated Blaschke interpolation problem according to equations 
(3.25): 


Ur (A) 

br{X) 

Cr(A) 

dr{X) 


1 — A 1 — r A 

1 — r p|l — r|2 ’ 

vi^-rX) 

p|l-r|2’ 

vi^-rX) 

p|l-rr 

1 — rA 1 — A 

p|l — r|2 1 — r 


Equations (4.8) to (4.13) for (so,Po) have solution 

so = -r]- po = 


for any a; G T \ {p}. Then equations (4.45) and (4.46) yield the degree 1 F-inner 
function h = {s,p) where 

(\\-nP('n + - i')(l - A) + (p - a;2p)(l - tA) 

^ -2p(l-r)(l-A) + (a;2p2-l)(l-fA) ’ 

r.M - r)(l - A) -b - p^)(l - f A) 

^ -2p(l - r)(l - A) + (u; 2^2 _ _ fX) ' ^ > 

One can check directly that h = {s,p) is a F-inner function of degree 1 satisfying 
h(l) = (— 2 p, p^) and Ap{l) = 2 p. It appears at hrst sight that we have constructed 
a 2 -parameter family of functions with the prescribed royal node, value and phasar 
derivative, since the parameters uj and r range through T (or at least, cohnite 
subsets thereof). However, by means of some entertaining algebra, one can express 
h in terms of a single unimodular parameter (the same thing happened, though 
more simply, in Example 6.1). Let 


2p(l — t)u: — t(uj — cj) 

^ - T~^ -T * 

2p(l — t)u) — t(uj — oj) 

Clearly k is unimodular. Now let 


a{n) 


2p — K 
l + 2p‘ 
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It transpires that |q!(k)| < 1 and 


2p(l -r)-l + u^ 

a[K) = -;-r-;-rr • 

2p(l — r) — r(l — bj^) 

One may verify that the functions s and p in equations (6.1) can be written 


s(A) = -p-r]p{X), 


p{X) = 


X — «(a) 
1 — a{K)X 


( 6 . 2 ) 


with K G T, evidently a 1-parameter family. 

It is noteworthy that the function h = (s,p) dehned by equations (6.2) maps D 
into the disc {{p + pz, z) : z Eli)}, which is a subset of the topological boundary 
cir of r. Inner functions h such that h(©) C (9r were called superficial in [1] and 
discussed in [1, Proposition 8.3]. The example shows that the solutions of a royal 
P-interpolation problem can be superhcial. 


7. Concluding remarks 


In this section we relate the results of the paper to some classical results in the 
theory of invariant distances and thereby describe some of the original motivation 
for our work. 

The algorithm which is developed in this paper provides constructions of n- 
extremal maps and m-geodesics in Ilol(D, Q) with prescribed royal nodes cxj, royal 
values pj and phasar derivatives at aj. The n-extremal maps simultaneously gen¬ 
eralize both Blaschke products and complex geodesics and constitute a signihcant 
class. 

Recall that for a domain G in the Caratheodory distance Cq on G is dehned 


by 

Cg{zi,Z 2 )= sup p{F{zi),F{z 2 )). (7.1) 

FeHol(G,B) 

In equation (7.1) Zi and Z 2 are two points in G, p denotes the pseudohyperbolic 
distance on 


p{z,w) = 


z — w 


wz 


and, for any domain G and any set E, Hol(G, E) denotes the space of holomorphic 
mappings from G to E. A dual notion is the Kobayashi distance of G, which is 
dehned to be the largest pseudodistance Kq subordinate to the Lempert function 
Pg of G (e.g. [33, 23]). The Lempert function of G is given by 


Pg(^ 1 ,^ 2 ) 


inf 

/ieHol(B,G) Ai,A2GB 
h(Ai)=2i 
h(\2)=Z2 


p(Ai, A2). 


(7.2) 


The Kobayashi extremal problem for a pair of points Zi,Z 2 G G is to hnd the 
quantity Pg(^ 1 )^ 2 ) ([31])- Any function h G Hol(D, G) for which the inhmum is 
attained is called a Kobayashi extremal function for the domain G and the points 
zi,Z 2 - In the special case when G = ^ it turns out that the 1-parameter family 
$ 0 ; £ Hol(^,D), which we encountered in equation (1.5), is “universal” for the 
Caratheodory extremal problem [7, Corollary 3.4], the following sense. 
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Theorem 7.1. If Zi, Z 2 ^ G then there exists cu G T such that 

Cg{zi, Z 2 ) = p{^uj{zi), ^uj{z2))- (7.3) 

Another fact about the complex geometry of G is that 

pg = Kg = Cg. 

This corresponds to the geometric property of G that if h is an extremal function 
for the Kobayashi problem (7.2), then the range ran(h) of h is a totally geodesic 
analytic disc in G [7, Corollary 5.7]. 

The Kobayashi extremal problem can be viewed as an extremal 2-point inter¬ 
polation problem. Specihcally, by a finite interpolation problem in Hol(D, G), one 
means the following. 

Problem 7.2. Given n distinct points Ai,...,A„ in 3 and n points zi,...,Zn 
in an open or closed set G C to determine whether there exists a function 
h G Hol(D, G) such that h{Xj) = Zj for j = 1,... ,n. 

We say that Problem 7.2 is solvable, or that the data Xj 1 —)■ Zj are solvable, if 
there does exist an h G Hol(D, G) that satishes these interpolation conditions. We 
say that the problem is (or the data are) extremal when the problem is solvable 
but there do not exist an open neighbourhood U of the closure of D and a map 
h G Hol(17, G) such that the conditions 

K^j) = Zj for j = 1,..., n, (7.4) 

hold. 

A map h G Hol(D, G) is said to be n-extremal if, for any choice of n distinct 
points Ai,..., A„ G D, the interpolation data Aj G D i-A h{Xj) G G are extremally 
solvable. 

With this perspective, if h and Ai, A 2 minimize the right hand side of equation 
(7.2), then the 2-point interpolation problem Xj —)■ Zj, j = 1,2 for Hol(D, G) is 
extremal and h is an extremal solution to it. Just as the Kobayashi extremal 
functions on G are both rational and P-inner, more generally, the following result 
obtains (see [22] or [2, Theorem 3.1]). 

Proposition 7.3. If Xj —)■ {sj,pj), j = 1,... ,n, is a solvable n-point interpolation 
problem for Hol(D, G) then it has a rational T-inner solution. 

The royal variety (or more precisely, 71 H G) is a complex geodesic of G, with 
extremal function given by h-^(A) = (2A,A^). Furthermore, among the complex 
geodesics in G, the royal variety is characterized by the property that 

a(77 n G) = IZ n G 

whenever a is a biholomorphic self map (automorphism) of G [9, Lemma 4.3]. In 
addition, the automorphism group of G acts transitively on TZnG- 

If F is a Caratheodory extremal function for some pair of points in G then so is 
mo F for any Mobius transformation m of the disc. The universal set described 
in Theorem 7.1 above is normalized so as to satisfy ° hn = —idu. As a result, 

(7.5) 


^uj\7Z does not depend on oo. 
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A Kobayashi extremal function on any domain for which the Lempert function 
and the Caratheodory distance coincide has a holomorphic left inverse. L. Kosinski 
and W. Zwonek [32] introduced a generalization of this notion: a map h : D —)■ G, 
for any domain G, is said to be an n-complex geodesic if there exists a holomorphic 
map F : G —?■ D such that F o h is a Blaschke product of degree at most n. The 
following result shows that rational T-inner functions enjoy this property. 

Proposition 7.4. Let h be a rational V-inner function of degree n which is not 
superficial and let h(lD)) (f_ TZ. Then 

(1) h is an {n + 1)-extremal holomorphic map in Hol(D, T) and is an n-complex 
geodesic of Q; 

(2) if in addition h has at least one royal node a G T then h is an n-extremal 
holomorphic map in Hol(D, T) and is an {n — l)-complex geodesic of Q. 

Proof. As in Theorem 4.4, g) = ^^oh for some a; G T is a rational inner function 
G Hol(D, D“) such that deg(v 9 ) < n. Thus h is n-complex geodesic. By a version 
of Pick’s result, the (n -|- l)-extremal holomorphic self-maps of D are precisely the 
Blaschke products of degree at most n. Thus is a (n-|- l)-extremal in Hol(D, D“). 
Therefore, by [1, Proposition 2.2], h \s {n-\- l)-extremal in Hol(©, P). 

(ii) If h{a) = and u = —fj then the rational function o h has 

a removable singularity at a. After cancellation 4 )^^ o h has degree (n — 1 ). As 
above h is an n-extremal holomorphic map in Hol(D, P) and is an (n — l)-complex 
geodesic of Q. □ 

Corollary 7.5. All non-superficial functions h in are complex geodesics 

ofG. 

Proof. First we recall a result from [8] that an analytic function h : 3 ^ Q is sl 
complex geodesic of Q if and only if there is an ca G T such that o h G Ant D 
and that every complex geodesic of Q is P-inner. By Proposition 7.4, each non- 
superhcial function from the set U is a complex geodesic. □ 
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